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Abstract
We study lower-dimensional superstrings in the double-spinor formalism intro-
duced by Aisaka and Kazama. These superstrings can be consistently quantized and
are equivalent to the lower-dimensional pure-spinor superstrings proposed by Grassi
and Wyllard. The unexpected physical spectrum of the pure-spinor superstrings may
thus be regarded as a manifestation of noncriticality. We also discuss how to couple
these covariant superstrings to the compactified degrees of freedom described by the
N = 2 superconformal field theory.
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§1. Introduction
The pure-spinor (PS) formalism, proposed by Berkovits, allows quantization of super-
strings in a manner that preserves the manifest super-Poincare´ covariance.1) Defined basi-
cally as a free conformal field theory (CFT), it provides a powerful framework for computing
multipoint/multiloop amplitudes and for studying superstrings in RR backgrounds, which
cannot be realized with other formalisms.
One of the unsolved problems of the PS formalism is to elucidate how the concept of “crit-
icality” can be understood in this framework. In the RNS formalism, the critical dimension
is that in which conformal anomalies cancel and the BRST charge becomes nilpotent, while
in the light-cone Green-Schwarz (GS) formalism, this is the only dimension in which the
global Lorentz invariance is unbroken. By contrast, the lower-dimensional versions of the
PS formalism have been constructed2), 3) by simply anticipating analogous free CFTs with
some plausible “pure spinor” conditions,∗) in which the BRST charge is exactly nilpotent
and the Lorentz algebra has no anomaly. Therefore, they seem to be consistent theories,
even quantum mechanically, although they also have some unexpected features such as the
appearance of an off-shell vector multiplet in the open string spectrum at the lowest level.
Like the original PS formalism, these theories are not based on Lagrangians, and this makes
it difficult to understand their fundamental nature, and whether or not (and if so how) they
are related to lower-dimensional (non-critical) superstrings in other formalisms.
Recently, a Lagrangian formulation of the (D = 10) PS superstring was proposed by
Aisaka and Kazama.4) A special feature of their formulation is that it involves, in addition to
the ordinary superspace coordinates (Xµ, θα) in the GS superstring, another fermionic field,
θ˜α. The Lagrangian of this double-spinor (DS) formalism possesses world-sheet reparametriza-
tion invariance, a manifest space-time super Poincare´ symmetry and a new local fermionic
symmetry, which can be used to gauge away one of the fermionic fields. Since the La-
grangian of the DS formalism is reduced to the original GS Lagrangian by setting θ˜α to
zero, this guarantees, at least classically, the equivalence of the DS superstring and the GS
superstring.
The DS superstring can be quantized without difficulty using the conventional canonical
BRST method. Surprisingly, the authors of 4) have shown that fields which have nontrivial
Dirac brackets can be redefined in such a way that all of them become free fields. Therefore,
the quantized theory can be described by a simple conformal field theory represented by the
free fields. It is also proved in 4) that the physical spectrum of this DS superstring coincides
with that of the PS superstring.
∗) It should be noted that this is in fact not the pure-spinor condition in lower dimensions.
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In this paper, to gain a better understanding of the mysterious features of the lower-
dimensional PS superstrings, we study the corresponding lower-dimensional (actually d = 4
and d = 6) DS superstrings. The equivalence to the lower-dimensional GS superstrings
is manifest for the same reason as in the ten-dimensional case. We show that the lower-
dimensional DS superstrings are also equivalent to the lower-dimensional PS superstrings.
Therefore, it is suggested that the unexpected physical spectrum of the PS superstrings
can be interpreted as a manifestation of “noncriticality” in the PS formalism. Then we
search for a possible method for coupling these theories to the degrees of freedom of some
compactified spaces, which we call the Calabi-Yau (CY) sector. It is well known that such
degrees of freedom can be described by unitary representations of the N = 2 superconformal
field theory with c = 9 (6) for d = 4 (6). We attempt to combine these two sectors in two
different manners. Unfortunately, however, the spectrum in the resultant combined system
is a tensor product of the physical spectrum of two sectors and thus is not an expected
on-shell spectrum.
The paper is organized as follows. In §2 we briefly review the d = 4 and d = 6 PS
superstrings2), 3) defined by naive extensions of the ten-dimensional PS superstring. It is
shown that the BRST charges are nilpotent without anomaly, but the lowest-level physical
state is an off-shell vector multiplet. The four-dimensional superstring in the DS formalism
is studied in §3. It is possible to carry out the quantization in a manner parallel to that
for the ten-dimensional case. The physical spectrum is shown to be equivalent to the PS
formalism in four dimensions. A similar argument for the six-dimensional case is given in
§4. The coupling to the degrees of freedom of the compactified space is discussed in §5.
We attempt to apply two different methods for combining the two sectors, but the physical
spectrum is simply given by tensor products of the unexpected, off-shell, spectrum of the
lower-dimensional superstring with the (anti-)chiral ring of the CY sector. Finally, in §6,
we summarize our results and discuss some remaining problems. The appendix contains a
summary of our notation and spinor conventions.
§2. PS formalism in lower dimensions
As in D = 10, the lower-dimensional PS superstring is defined by free fields describing a
map from the world-sheet to the target superspace. The bosonic coordinates Xµ(z) satisfy
the free field operator product∗)
Xµ(z)Xν(w) ∼ ηµν log(z − w), (2.1)
∗) In this section, we concentrate only on the holomorphic sector, or open strings. It is easy to combine
this sector with the anti-holomorphic sector to get closed strings.
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where µ, ν = 0, 1, · · · , d − 1. The fermionic coordinates are described by a first-order form
of conformal dimension (1, 0), whose explicit expression depends strongly on the space-time
dimensionality. The spinor conventions and the notation used in this paper are summarized
in the appendix A.
2.1. Four-dimensional PS superstring
As is well known, the fermionic coordinates of four-dimensional superspace consist of a
pair of complex conjugate Weyl spinors, θα and θ¯α˙. Introducing their conjugate fields, pα
and p¯α˙, we assume the free field operator products
θα(z)pβ(w) ∼
δαβ
z − w, θ¯
α˙(z)p¯β˙(w) ∼
δα˙
β˙
z − w. (2
.2)
We assign θα and θ¯α˙ conformal dimension 0 and pα and p¯α˙ conformal dimension 1. In
addition to these fields, we also introduce the bosonic spinor fields λα and λ¯α˙ satisfying the
pure-spinor constraint
λσµλ¯ = 0. (2.3)
Using these pure-spinor fields, the BRST charge is defined by
QPS =
∮
dz
2πi
(
λαdα + λ¯
α˙d¯α˙
)
. (2.4)
Here dα and d¯α˙ are the currents corresponding to the super-covariant derivatives
dα =pα − i∂Xµ(σµθ¯)α − 1
2
(
(θσµ∂θ¯)− (∂θσµθ¯)) (σµθ¯)α, (2.5a)
d¯α˙ =p¯α˙ − i∂Xµ(θσµ)α˙ − 1
2
(
(θσµ∂θ¯)− (∂θσµθ¯)) (θσµ)α˙, (2.5b)
which satisfy
dα(z)d¯α˙(w) ∼ 2i(σµ)αα˙π
µ(w)
z − w , (2
.6)
with
πµ = i∂Xµ + (θσµ∂θ¯)− (∂θσµθ¯). (2.7)
The BRST charge QPS is nilpotent, due to the pure-spinor constraint (2.3), even at the
quantum level. The physical states are defined as the cohomology of this BRST charge.
However, it possesses a rather unexpected spectrum, because the on-shell condition is not
imposed. For example, the lowest-level vertex operator with ghost number 1, which is
expected to involve the physical state, has the form
W = λαAα(x, θ, θ¯) + λ¯
α˙Aα˙(x, θ, θ¯), (2.8)
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where Aα and Aα˙ are conventional superfields of zero-modes (x
µ, θα, θ¯α˙). Then the BRST
invariance {Q,W} = 0 implies the conditions
D(αAβ)(x, θ, θ¯) = 0, (2.9a)
D¯(α˙Aβ˙)(x, θ, θ¯) = 0, (2
.9b)
DαAα˙(x, θ, θ¯) + D¯α˙Aα(x, θ, θ¯) + 2i(σ
µ)αα˙Aµ(x, θ, θ¯) = 0, (2.9c)
with an arbitrary superfield Aµ. These are the well-known torsion constraints
5) and can be
solved in terms of a real superfield V (x, θ, θ¯) as
Aα = iDαV, Aα˙ = −iD¯α˙V, Aµ = 1
4
(σ¯µ)
α˙α[Dα, D¯α˙]V, (2.10)
up to BRST exact pieces. There are no further restrictions, and thus the lowest-level physical
states constitute an off-shell vector multiplet.
2.2. Six-dimensional PS superstring
The fermionic coordinates of six-dimensional superspace are SU(2)-Majorana-Weyl (MW)
spinors θαI (I = 1, 2). The free field operator product with the conjugate field p
I
α is
θαI (z)p
J
β(w) ∼
δαβ δ
J
I
z − w. (2
.11)
We assign θαI and p
I
α conformal dimension 0 and 1, respectively. The bosonic pure-spinors
λIα satisfy
λICγ
µλI = 0. (2.12)
Then the BRST charge is defined by
QPS =
∮
dz
2πi
λαI d
I
α, (2.13)
which is also nilpotent quantum mechanically, since the operator product relations
dIα(z)d
J
β(w) ∼
2iǫIJ(Cγµ)αβπ
µ(w)
z − w (2
.14)
hold between the super-covariant currents
dIα =p
I
α + i∂X
µ(Cγµθ
I)α +
1
2
(θKCγµ∂θK)(Cγµθ
I)α, (2.15a)
πµ =i∂Xµ + (θKCγµ∂θK). (2.15b)
The lowest-level vertex operator with ghost number 1 in six dimensions is now given by
W = λαIA
I
α(x, θI), (2.16)
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where Aα is a superfield of the zero-modes (x
µ, θαI ). The BRST invariance {Q,W} = 0 yields
the conditions
D
(I
(αA
J)
β) = 0, (2
.17a)
DI[αA
I
β] + 2i(Cγ
µ)αβAµ = 0, (2.17b)
with an arbitrary superfield Aµ. These six-dimensional torsion constraints can also be solved
similarly to those in the four-dimensional case.2), 6) The lowest-level physical states are
therefore also given by a six-dimensional off-shell vector multiplet.
§3. DS formalism in four dimensions
The Lagrangian formulation of the PS superstring is given in 4). This formulation can
be easily extended to the lower-dimensional case.
3.1. Lagrangian, symmetries and constraints
The four-dimensional superstring in the DS formalism is defined by using the super-
space coordinates (xµ, θAα, θ¯Aα˙) and the additional fermionic fields (θ˜Aα, ˜¯θAα˙) (A=1,2). The
Lagrangian is then given by
L =LK + LWZ , (3.1a)
LK =− 1
2
√−ggabΠµaΠµb, (3.1b)
LWZ =ǫabΠµa (Wµb − Wˆµb)− ǫabW µa Wˆµb, (3.1c)
where
Πµa =∂aX
µ −
2∑
A=1
i∂a(θ
Aσµ ˜¯θA − θ˜Aσµθ¯A)−
2∑
A=1
WAµa , (3.2)
WAµa =iΘ
Aσµ∂aΘ¯
A − i∂aΘAσµΘ¯A, (3.3)
ΘA =θ˜A − θA, Θ¯A = ˜¯θA − θ¯A. (3.4)
We use the same notation as in Ref. 4); for example, W 1µa = W
µ
a , W
2µ
a = Wˆ
µ
a , etc. This
Lagrangian is invariant under the world-sheet reparametrization and the space-time Poincare´
transformation, where the space-time supersymmetry transformation is defined by
δθA =ǫA, δθ¯A = ǫ¯A, (3.5a)
δθ˜A =0, δ ˜¯θA = 0, (3.5b)
δXµ =
2∑
A=1
i(ǫAσµθ¯A − θAσµǫ¯A). (3.5c)
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The additional fermionic fields are inert under this supersymmetry.
The Lagrangian has another important symmetry, the local supersymmetry, given by
δθA =χA, δθ˜A = χA, (3.6a)
δθ¯A =χ¯A, δ ˜¯θA = χ¯A, (3.6b)
δXµ =
2∑
A=1
i(χAσµΘ¯A −ΘAσµχ¯A), (3.6c)
which guarantees the equivalence to the conventional Green-Schwarz formalism. Using this
local symmetry, we can set the additional fermionic fields as θ˜Aα = ˜¯θAα˙ = 0. Then, the
Lagrangian (3.1) becomes that of the Green-Schwarz formalism.7)
Let us consider the canonical quantization of the Lagrangian (3.1). First, the canonical
conjugate of Xµ can be computed as
kµ = −
√−gg0bΠµb +Wµ1 − Wˆµ1. (3.7)
Then, computing the canonical conjugates kAα , k¯
A
α˙ , k˜
A
α and
˜¯kAα˙ of the fermionic fields θ
Aα, θ¯Aα˙, θ˜Aα
and ˜¯θAα˙, we obtain the primary constraints
DAα =k
A
α + i(k/
˜¯θA)α + i(k
µ + ηA(Π
µ
1 +W
µA¯
1 ))(σµΘ¯
A)α ≈ 0, (3.8a)
D¯Aα =k¯
A
α˙ + i(θ˜
Ak/)α˙ + i(k
µ + ηA(Π
µ
1 +W
µA¯
1 ))(Θ
Aσµ)α˙ ≈ 0, (3.8b)
D˜Aα =k˜
A
α − i(k/θ¯A)α − i(kµ + ηA(Πµ1 +W µA¯1 ))(σµΘ¯A)α ≈ 0, (3.8c)
˜¯DAα =
˜¯kAα˙ − i(θAk/)α˙ − i(kµ + ηA(Πµ1 +W µA¯1 ))(ΘAσµ)α˙ ≈ 0, (3.8d)
where η1 = −η2 = 1 and A¯ = 2(1) for A = 1(2). For later use, it is convenient to define
∆α = Dα + D˜α, ∆¯α˙ = D¯α˙ +
˜¯Dα˙.
Using the ADM decomposition
gab =
(
−N2 + γ(N1)2 γN1
γN1 γ
)
, (3.9)
we obtain the Hamiltonian as
H = N√
γ
1
2
(
(kµ −Wµ1 + Wˆµ1)(kµ −W µ1 + Wˆ µ1 ) +Πµ1Πµ1
)
+N1(kµ −Wµ1 + Wˆµ1)Πµ1 + θ˙AαDAα + ˙¯θAα˙D¯Aα˙ + ˙˜θAαD˜Aα +
˙¯˜
θAα˙ ˜¯DAα˙ ,
≡ N√
γ
T0 +N
1T1 + θ˙
AαDAα +
˙¯θAα˙D¯Aα˙ +
˙˜
θAαD˜Aα +
˙¯˜
θAα˙ ˜¯DAα˙ , (3.10)
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where the energy-momentum tensors are given by
T+ =
1
2
(T0 + T1) =
1
4
ΠµΠµ, (3.11a)
T− =
1
2
(T0 − T1) = 1
4
ΠˆµΠˆµ, (3.11b)
with
Πµ =kµ −W µ1 + Wˆ µ1 +Πµ1 ,
=kµ +X ′µ −
∑
A
i(θAσµ ˜¯θA − θ˜Aσµθ¯A)′ − 2W µ1 , (3.12a)
Πˆµ =kµ −W µ1 + Wˆ µ1 −Πµ1 ,
=kµ −X ′µ +
∑
A
i(θAσµ ˜¯θA − θ˜Aσµθ¯A)′ + 2Wˆ µ1 . (3.12b)
Next we set the canonical Poisson brackets as
{Xµ(σ), kν(σ′)}P =ηµνδ(σ − σ′), (3.13a)
{θAα(σ), kBβ (σ′)}P =− δABδαβ δ(σ − σ′), (3.13b)
{θ¯Aα˙(σ), k¯B
β˙
(σ′)}P =− δABδα˙β˙ δ(σ − σ′), (3.13c)
{θ˜Aα(σ), k˜Bβ (σ′)}P =− δABδαβ δ(σ − σ′), (3.13d)
{ ˜¯θAα˙(σ), ˜¯kB
β˙
(σ′)}P =− δABδα˙β˙ δ(σ − σ′). (3.13e)
As in the ten-dimensional case,4) the algebra of constraints can be separated into left (A = 1,
or un-hatted) and right (A = 2, or hatted) sectors, although the generators include both
un-hatted and hatted fields. Thus, for simplicity, we hereafter concentrate on the left sector.
Using the canonical Poisson brackets (3.13), we can compute the Poisson brackets among
the fermionic constraint generators (∆α, ∆¯α˙, D˜α,
˜¯Dα˙) as
{D˜α(σ), ˜¯Dα˙(σ′)}P =2iΠµ(σ)(σµ)αα˙δ(σ − σ′), (3.14)
with all others vanishing.
In addition to these fermionic constraints, we also obtain the Virasoro constraint, T+ ≈ 0,
for the left sector, from the Hamiltonian (3.10) as the secondary constraint. It is convenient
to define the total energy-momentum tensor
T =
1
4
ΠµΠµ +Θ
′αD˜α + Θ¯
′α˙ ˜¯Dα˙ + θ
α∆α + θ¯
α˙∆¯α˙, (3.15)
by adding the fermion contributions, which are also weakly vanishing, due to the constraint
(3.8). The Poisson bracket of this tensor is that of the Virasoro algebra:
{T (σ), T (σ′)}P = 2T (σ)δ′(σ − σ′) + T ′(σ)δ(σ − σ′). (3.16)
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Now, let us study the constraint algebra (3.14). Due to the Virasoro constraints T+ ≈ 0,
this implies that half of the constraints D˜α ≈ 0 and ˜¯Dα˙ ≈ 0 are first class and the half
are second class. As is well known, these constraints cannot be separated covariantly, and
therefore we use the light-cone decomposition. The Poisson bracket
{D˜1(σ), ˜¯D1˙(σ′)}P = 2iΠ+(σ)δ(σ − σ′) (3.17)
shows that the first components D˜1 and
˜¯D1˙ generate the second-class constraints. The other
half of the constraints come from the κ-symmetry generated by
K =D˜2 − Π
Π+
D˜1, (3.18a)
K¯ = ˜¯D2˙ −
Π¯
Π+
˜¯D1˙, (3.18b)
where Π = Π1 + iΠ2 and Π¯ = Π1 − iΠ2. These are first class, because they satisfy the
relations
{K(σ), K¯(σ′)}P = 8i(T +K)(σ)δ′(σ − σ′) + (D˜1, ˜¯D1˙)-terms, (3.19)
where
T = T
Π+
, (3.20a)
K =− 1
Π+
(Θ′2K + Θ¯′2˙K¯). (3.20b)
These relations are closed up to (D˜1,
˜¯D1˙)-terms, which are proportional to the second-class
constraints D˜1 ≈ 0 and ˜¯D1˙ ≈ 0 and can be set to zero after calculating the Dirac bracket.
This is also consistent with the fact that the second-class constraints are transformed into
themselves under this symmetry generated by the first-class constraints:
{K(σ), D˜1(σ′)}P =8i 1
Π+
Θ¯′2˙D˜1(σ)δ(σ − σ′), (3.21a)
{K(σ), ˜¯D1˙(σ′)}P =0, (3.21b)
{K¯(σ), D˜1(σ′)}P =0, (3.21c)
{K¯(σ), ˜¯D1˙(σ′)}P =8i
1
Π+
Θ′2 ˜¯D1˙(σ)δ(σ − σ′). (3.21d)
The above decomposition of the constraints explicitly breaks the manifest Lorentz invari-
ance. This breaking is, however, restricted to the sector of the additional fermionic fields,
and therefore the space-time supersymmetry defined by (3.5) can be linearly realized.
If we choose the semi-light-cone gauge, defined by
θ˜2 ≈ ˜¯θ2˙ ≈ 0, (3.22)
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to fix the κ-symmetry, all the constraints φI ≈ 0 with φI = (D˜1, ˜¯D1˙, K, K¯, θ˜2, ˜¯θ2˙) become
second class. We can take account of these second-class constraints by computing the Dirac
bracket
{A(σ), B(σ′)}D ={A(σ), B(σ′)}P
−
∫
dσ1{A(σ), D˜1(σ1)}P 1
2iΠ+
(σ1){ ˜¯D1˙(σ1), B(σ′)}P
−
∫
dσ1{A(σ), ˜¯D1˙(σ1)}P
1
2iΠ+
(σ1){D˜1(σ1), B(σ′)}P
+ 8i
∫
dσ1{A(σ), θ˜2(σ1)}PT (σ1){ ˜¯θ2˙(σ1), B(σ′)}P
+ 8i
∫
dσ1{A(σ), ˜¯θ2˙(σ1)}PT (σ1){θ˜2(σ1), B(σ′)}P
+
∫
dσ1{A(σ), θ˜2(σ1)}P{K(σ1), B(σ′)}P
+
∫
dσ1{A(σ), K(σ1)}P{θ˜2(σ1), B(σ′)}P
+
∫
dσ1{A(σ), ˜¯θ2˙(σ1)}P{K¯(σ1), B(σ′)}P
+
∫
dσ1{A(σ), K¯(σ1)}P{ ˜¯θ2˙(σ1), B(σ′)}P . (3.23)
In this semi-light-cone gauge, the independent fields are (θ˜1, ˜¯θ1˙, Xµ, kµ, θ
α, kα, θ¯
α˙, k¯α˙),
which satisfy the Dirac brackets
{θ˜1(σ), ˜¯θ1˙(σ′)}D = i
2Π+
(σ)δ(σ − σ′), (3.24a)
{Xµ(σ), θ˜1(σ′)}D =− 1
2Π+
(θ˜σµ)1˙(σ)δ(σ − σ′), (3.24b)
{Xµ(σ), ˜¯θ1˙(σ′)}D =− 1
2Π+
(σµ ˜¯θ)1(σ)δ(σ − σ′), (3.24c)
{Xµ(σ), Xν(σ′)}D = i
2Π+
(
(θ˜σµ)1˙(σ
ν ˜¯θ)1 − (θ˜σν)1˙(σµ ˜¯θ)1
)
(σ)δ(σ − σ′), (3.24d)
{Xµ(σ), kν(σ′)}D =ηµνδ(σ − σ′)
− i
2Π+
(
(θ˜σµ)1˙(σ
νΘ¯)1 − (Θσν)1˙(σµ ˜¯θ1)
)
(σ)δ′(σ − σ′), (3.24e)
{P µ(σ), kν(σ′)}D =− i
2
∂σ
(
1
Π+
(
(Θσµ)1˙(σ
νΘ¯)1 − (Θσν)1˙(σµΘ¯)1
)
(σ)δ′(σ − σ′)
)
, (3.24f)
{θ˜1(σ), kν(σ′)}D =− 1
2Π+
(Θσν)1˙(σ)δ
′(σ − σ′), (3.24g)
{ ˜¯θ1˙(σ), kν(σ′)}D =− 1
2Π+
(σνΘ¯)1(σ)δ
′(σ − σ′). (3.24h)
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These can be rewritten in simpler forms in the constraint plane defined by θ˜2 = ˜¯θ2˙ = 0. The
non-trivial Dirac brackets are, for example,
{θ˜1(σ), ˜¯θ1˙(σ′)}D = i
2Π+
(σ)δ(σ − σ′), (3.25a)
{X−(σ), θ˜1(σ′)}D =− 1
Π+
θ˜1(σ)δ(σ − σ′), (3.25b)
{X−(σ), ˜¯θ1˙(σ′)}D =− 1
Π+
˜¯θ1˙(σ)δ(σ − σ′). (3.25c)
We have now separated, as in 4), the first-class constraints from the second, the latter of
which can be set to zero consistently with use of the Dirac bracket. With their non-trivial
forms, it may appear difficult to quantize the theory. The authors of 4) found in D = 10
that one can redefine the independent fields so that the new ones satisfy simple free-field
brackets. Here we show that we can do the same thing in the D = 4 DS theory.
First, we define
S =
√
2Π+θ˜1, S¯ =
√
2Π+ ˜¯θ1˙. (3.26)
Then S and S¯ become independent free fermions:
{S(σ), S¯(σ′)}D∗ =iδ(σ − σ′), (3.27a)
{X−(σ), S(σ′)}D∗ =0, (3.27b)
{X−(σ), S¯(σ′)}D∗ =0. (3.27c)
Similarly for the remaining fields, we can find field redefinitions that make all of them free
fields:
P µ =kµ − i(θ˜σµθ¯)′ + i(θσµ ˜¯θ)′ + i(ˆ˜θσµ ˆ¯θ)′ − i(θˆσµ ˆ¯˜θ)′, (3.28a)
pA1 =k
A
1 + η
A
(
−iX ′+ ˜¯θA1˙ − 6(θA2θ¯′A2˙)˜¯θA1˙ − 2(θA2θ¯A2˙)˜¯θ′A1˙
)
, (3.28b)
pA2 =k
A
2 + η
A
(
− iX ′ ˜¯θA1˙ − 6(θ¯′A2˙θA1)˜¯θA1˙ + 2(θ¯A2˙θ˜A1)′ ˜¯θA1˙
+ 3(θ¯Aθ¯A)′θ˜A1 + 2θ¯A2˙(˜¯θA1˙θ˜A1)′ − 2(θ¯A2˙θA1)˜¯θ′A1˙ + 2(θ¯Aθ¯A)θ˜′A1
)
, (3.28c)
p¯A1˙ =k¯
A
1˙ + η
A
(
−iX ′+θ˜A1˙ − 6(θ¯A2˙θ′A2)θ˜A1 − 2(θ¯A2˙θA2)θ˜′A1
)
, (3.28d)
p¯A
2˙
=k¯A
2˙
+ ηA
(
− iX¯ ′θ˜A1 − 6(θ′A2θ¯A1˙)θ˜A1 + 2(θA2 ˜¯θA1˙)′θ˜A1
+ 3(θAθA)′ ˜¯θA1˙ + 2θA2(θ˜A1 ˜¯θA1˙)′ − 2(θA2θ¯A1˙)θ˜′A1 + 2(θAθA)˜¯θ′A1˙
)
, (3.28e)
which satisfy
{Xµ(σ), P ν(σ′)}D =ηµνδ(σ − σ′), (3.29a)
{θAα(σ), pBβ (σ′)}D =− δABδαβ δ(σ − σ′), (3.29b)
{θ¯Aα˙(σ), p¯B
β˙
(σ′)}D =− δABδαβ δ(σ − σ′). (3.29c)
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with the remaining brackets vanishing. These redefinitions also yield a complete separa-
tion4) of the left and right sectors for the fundamental quantities, including the constraint
generators. For instance, we have
Πµ =P µ +Xµ′
− 2i(θσµθ¯′) + 2i(θ′σµθ¯)− 2i(θ˜σµ ˜¯θ′) + 2i(θ˜′σµ ˜¯θ) + 4i(θ˜σµθ¯′)− 4i(θ′σµ ˜¯θ), (3.30a)
Πˆµ =P µ −Xµ′
+ 2i(θˆσµ ˆ¯θ′)− 2i(θˆ′σµ ˆ¯θ) + 2i(ˆ˜θσµ ˆ¯˜θ′)− 2i(ˆ˜θ′σµ ˆ¯˜θ)− 4i(ˆ˜θσµ ˆ¯θ′) + 4i(θˆ′σµ ˆ¯˜θ). (3.30b)
Now let us rewrite the constraint generators in terms of these free fields. They become
D1 =d1 + i
√
2Π+S¯, (3.31a)
D2 =d2 + i
√
2
Π+
ΠS¯ +
4
Π+
SS¯(θ¯2˙)′, (3.31b)
D¯1˙ =d¯1˙ + i
√
2Π+S, (3.31c)
D¯2˙ =d¯2˙ + i
√
2
Π+
Π¯S − 4
Π+
SS¯(θ2)′, (3.31d)
T =− 1
4
ΠµΠµ
Π+
, (3.31e)
where dα and d¯α˙ are the supercovariant spinor conjugates
dα = pα − i(P µ +Xµ′)(σµθ¯)α +
[
(θ′σµθ¯)− (θσµθ¯′)] (σµθ¯)α, (3.32a)
d¯α˙ = p¯α˙ − i(P µ +Xµ′)(θσµ)α˙ +
[
(θ′σµθ¯)− (θσµθ¯′)] (θσµ)α˙. (3.32b)
3.2. Quantization
Since we have redefined all the fields as free fields, there is no difficulty in the quantization.
We only need to replace the Dirac bracket by the quantum bracket as
[Xµ(σ), P ν(σ′)] =iηµνδ(σ − σ′), (3.33a)
{pAα(σ), θBβ(σ′)} =− iδABδβαδ(σ − σ′), (3.33b)
{p¯Aα˙(σ), θ¯Bβ˙(σ′)} =− iδABδβ˙α˙δ(σ − σ′), (3.33c)
{S(σ), S¯(σ′)} =− δ(σ − σ′). (3.33d)
These can be translated into the OPE relations in the Euclidean formulation with radial
quantization. In order to obtain the standard normalization, we set T = 1/2πα′ = 1 and
make the replacement P µ + Xµ′ → 2i∂Xµ, pα → 2ipα, p¯α˙ → 2ip¯α˙, S →
√
2iS and S¯ →
12
−√2iS¯, where ∂ represents ∂/∂z. The OPEs for the basic fields of the left (holomorphic)
sector then become
Xµ(z)Xν(w) ∼ηµν log(z − w), (3.34a)
pα(z)θ
β(w) ∼ δ
β
α
z − w, (3
.34b)
p¯α˙(z)θ¯
β˙(w) ∼ δ
β˙
α˙
z − w, (3
.34c)
S(z)S¯(w) ∼ 1
z − w. (3
.34d)
It is also convenient to change the normalizations as
Dα → 1
2i
Dα, D¯α˙ → 1
2i
D¯α˙, Π → 1
2
Π, (3.35)
and to rescale T so that T = −(1/2)ΠµΠµ/Π+.
Using these rescaled free fields, we rewrite the constraints in such a manner that separates
the non-covariant fermions S and S¯ from the remaining covariant sector. Using the super-
covariant current (2.7), Πµ can be written as
Π+ =π+, (3.36a)
Π− =π− +
1
π+
(
S∂S¯ − ∂SS¯)− 2i√ 2
π+
(
S∂θ¯1˙ + ∂θ1S¯
)
, (3.36b)
Π =π + 2i
√
2
π+
S∂θ¯2˙, (3.36c)
Π¯ =π¯ + 2i
√
2
π+
∂θ2S¯. (3.36d)
The constraint generators are then rewritten in terms of the free fields as
D1 =d1 − i
√
2π+S¯, (3.37a)
D2 =d2 − i
√
2
π+
πS¯ − 2
π+
SS¯∂θ¯2˙, (3.37b)
D¯1˙ =d¯1˙ + i
√
2π+S, (3.37c)
D¯2˙ =d¯2˙ + i
√
2
π+
π¯S +
2
π+
SS¯∂θ2, (3.37d)
T =− 1
2
πµπµ
π+
− 1
2
S∂S¯
π+
+
1
2
∂SS¯
π+
+ i
√
2
π+
(S∂θ¯1˙ + ∂θ1S¯)
+ i
√
2
(π+)3
(
π¯S∂θ¯2˙ + π∂θ2S¯
)
+ 4
SS¯∂θ2∂θ¯2˙
(π+)2
, (3.37e)
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where dα and d¯α˙ are super-covariant currents (2.5).
The constraint algebras forms by the generators above are not closed in their present
forms. However, these expressions are classical, although they have normal ordering am-
biguities in general. What is particularly noteworthy in the D = 10 DS theory is that
these ambiguities are used to modify the generators in such a way that their algebras be-
come closed. A similar happens here: Including such “quantum corrections,” the constraint
generators become
D̂1 =D1,
̂¯D1˙ = D¯1˙, (3.38a)
D̂2 =D2 − ∂
2θ¯2˙
π+
+
1
2
∂π+∂θ¯2˙
(π+)2
, (3.38b)
̂¯D2˙ =D¯2˙ − ∂2θ2π+ + 12 ∂π+∂θ2(π+)2 , (3.38c)
T̂ =T + ∂θ
2∂2θ¯2˙
(π+)2
− ∂
2θ2∂θ¯2˙
(π+)2
− 1
8
∂2 log π+
π+
, (3.38d)
and then they form a closed first-class algebra:
D̂2(z)
̂¯D2˙(w) ∼4T̂ (w)z − w , (3.39)
with all others vanishing. Using these generators of the first-class constraints, one can
straightforwardly construct the BRST charge according to the conventional procedure as
Q˜ =
∮
dz
2πi
(
λ˜αD̂α +
˜¯λα˙ ̂¯Dα˙ + cT̂ − 4λ˜2 ˜¯λ2˙b) , (3.40)
where λ˜α and ˜¯λα˙ are unconstrained bosonic spinor ghosts. Fermionic ghosts b and c satisfying
b(z)c(w) ∼ 1/(z − w) are also introduced. This is exactly nilpotent quantum mechanically,
due to the correction (3.38).
As in the ten-dimensional case, we can construct the composite B-ghost
B = bπ+ − ω˜α∂θα − ˜¯ωα˙∂θ¯α˙, (3.41)
in terms of which the energy-momentum tensor can be expressed as
{Q˜, B(z)} =T (z)
=− 1
2
πµπµ − 1
8
∂2 log π+ − 1
2
S∂S¯ +
1
2
∂SS¯
− dα∂θα − d¯α˙∂θ¯α˙ − ω˜α∂λ˜α − ˜¯ωα˙∂ ˜¯λα˙ − b∂c, (3.42)
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where the bosonic anti-ghosts ω˜α and ˜¯ωα˙ are introduced as conjugates of λ˜
α and ˜¯λα˙ satisfying
λ˜α(z)ω˜β(w) ∼
δαβ
z − w,
˜¯λα˙(z)˜¯ωβ˙(w) ∼
δα˙
β˙
z − w. (3
.43)
This energy-momentum tensor has vanishing central charge, due to the second term involving
log π+. We can rescale the fermionic bc-ghosts to obtain the conventional reparametrization
ghosts with conformal dimensions 2 and −1 as
eRTe−R =− 1
2
πµπµ +
7
8
∂2 log π+ − 1
2
S∂S¯ +
1
2
∂SS¯
− dα∂θα − d¯α˙∂θ¯α˙ − ω˜α∂λ˜α − ˜¯ωα˙∂ ˜¯λα˙ − ∂bc − 2b∂c (3.44)
by carrying out the similarity transformation generated by
R = −
∮
dz
2πi
bc log π+. (3.45)
3.3. Equivalence to the PS formalism in four dimensions
Finally, we show that the cohomology of the BRST charge Q˜ (3.40) in the DS formalism
is the same as that of the PS formalism (2.4). To begin with, we have to explicitly solve the
four-dimensional pure-spinor constraint, which can also be written as
λαλ¯α˙ = 0. (3.46)
This has the solutions λα = 0 and λ¯α˙ = 0.∗)
As the first step to prove the equivalence, we show the decoupling of the fermionic ghost
pair (b, c) and one of the two bosonic ghost pairs (λ˜2, ω˜2) and (
˜¯λ2˙, ˜¯ω2˙). We have to consider
the two cases λ˜2 6= 0 and λ˜2˙ 6= 0 separately. These correspond to the two branches of
solutions of the pure-spinor constraint. The total Hilbert space is the union of these two
cases.
Let us first consider the case λ˜2 6= 0 corresponding to the branch λ¯α˙. In this case, we
can consider the similarity transformation generated by
X = −1
4
∮
dz
2πi
c ̂¯D2˙
λ˜2
, (3.47)
which transforms the BRST charge Q˜ into
eXQ˜e−X = δb +Q
(1), (3.48)
∗) If λ¯α˙ is the complex conjugate of λα, the pure-spinor constraint (3.46) has no non-trivial solution.
This is a common difficulty in the PS formalism, and to avoid it we consider them to be independent fields
in this section.
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where
δb =− 4
∮
dz
2πi
λ˜2 ˜¯λ2˙b, (3.49)
Q(1) =
∮
dz
2πi
(λ˜αD̂α +
˜¯λ1˙ ̂¯D1˙). (3.50)
The general argument of homological perturbation theory8) shows that the cohomology of
Q˜ coincides with that of Q(1) in the Hilbert space without b, c, ˜¯λ2˙ and ˜¯ω2˙ decoupled as a
quartet, due to δb.
∗)
We further carry out the second transformation, which consists of two successive simi-
larity transformations. The first transformation is given by eYQ(1)e−Y , with
Y = −1
2
∮
dz
2πi
SS¯ log π+. (3.51)
This yields the replacement
S → S√
π+
, S¯ →
√
π+S¯, (3.52)
which also implies a shift of the conformal weight of (S, S¯) from (1/2, 1/2) to (1, 0). This
transformation results in the decoupling of S, S¯, ˜¯λ1˙ and ˜¯ω1˙ as a quartet. Indeed, the BRST
charge is transformed as
Q(2) = eYQ(1)e−Y = δ +Q + d, (3.53)
δ =
√
2i
∮
dz
2πi
λ¯1˙S, Q =
∮
dz
2πi
λαdα, (3.54)
d =
∮
dz
2πi
(
−λ2∂
2θ¯2˙
π+
+ λ2
∂π+∂θ¯2˙
(π+)2
+ λ¯1˙d¯1˙ −
√
2iλ1π+S¯ −
√
2iλ2πS¯
)
, (3.55)
and the form of δ indicates such a decoupling. Subsequently, the transformation
eZQ(2)e−Z = δ +Q, (3.56)
δ =
√
2i
∮
dz
2πi
λ¯1˙S, (3.57)
Q =
∮
dz
2πi
λαdα, (3.58)
with
Z =
∮
dz
2πi
(
i√
2
d¯1˙S¯ +
∂θ2∂θ¯2˙
π+
)
, (3.59)
∗) This is due to the fact that the cohomology of δb must satisfy a part of the pure-spinor constraint
(3.46) λ˜2 ˜¯λ2˙ = 0. This yields ˜¯λ2˙ = 0, that is, the decoupling of ˜¯λ2˙, since we consider the case λ˜2 6= 0.
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completes the second transformation. Now the final BRST charge (3.56) has the same form
as the first transformation (3.48). The cohomology of Q(1) coincides with that of Q in the
Hilbert space without S, S¯, ˜¯λ1˙ and ˜¯ω1˙ decoupled as a quartet, due to δ. This BRST charge
Q is identical to that of the four-dimensional PS superstring in the branch λ¯α˙ = 0.
We can similarly consider the other branch, ˜¯λ2˙ 6= 0. The first similarity transformation
in this case is generated by
X¯ = −1
4
∮
dz
2πi
cD̂2
λ¯2˙
, (3.60)
which transforms the BRST charge as
eX¯Q˜e−X¯ =δb +Q
(1), (3.61)
δb =− 4
∮
dz
2πi
λ2λ¯2˙b, (3.62)
Q(1) =
∮
dz
2πi
(λ1D̂1 + λ¯
α˙ ̂¯Dα˙). (3.63)
Then λ2, ω2, c and b are decoupled as a quartet.
The second similarity transformation, given by
Y¯ =
1
2
∮
dz
2πi
SS¯ log π+, (3.64a)
Z¯ =−
∮
dz
2πi
(
i√
2
d1S +
∂θ2∂θ¯2˙
π+
)
, (3.64b)
leads to
eZ¯eY¯Q(1)e−Y¯ e−Z¯ = δ +Q, (3.65)
δ = −
√
2i
∮
dz
2πi
λ1S¯, (3.66)
Q =
∮
dz
2πi
λ¯α˙d¯α˙, (3.67)
and λ1, ω1, S and S¯ are decoupled as a quartet. The BRST charge Q is that of the four-
dimensional PS superstring in the branch λα = 0.
Thus the physical states are finally obtained as the union of the cohomologies of the BRST
charges (3.58) and (3.67). They coincide with those of the four-dimensional PS superstring
defined by the cohomology of the BRST charge with the constrained spinor (2.4).
§4. DS formalism in six dimensions
Similarly to the previous section, in this section we consider the six-dimensional super-
string in the DS formalism.
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4.1. Lagrangian, symmetries and constraints
The six-dimensional superstring in the DS formalism is defined using superspace coordi-
nates (xµ, θAαI ) and the additional fermionic field θ˜
Aα
I (A = 1, 2). Using these fundamental
fields, the Lagrangian is given by L = LK + LWZ , with
LK =− 1
2
√−ggabΠµaΠµb, (4.1a)
LWZ =ǫabΠµa (Wµb − Wˆµb)− ǫabW µa Wˆµb, (4.1b)
where
Πµa =∂aX
µ −
2∑
A=1
i∂a(θ
IACγµθ˜AI )−
2∑
A=1
WAµa , (4.2)
WAµa =i(Θ
IACγµ∂aΘ
A
I ), (4.3)
ΘAI =θ˜
A
I − θAI . (4.4)
This Lagrangian is invariant under the world-sheet reparametrization and the space-time
Poincare´ transformation, where the space-time supersymmetry is defined by
δθAI =ǫ
A
I , δθ˜
A
I = 0, (4.5a)
δXµ =
2∑
A=1
i(ǫIACγµθAI ). (4.5b)
In six dimensions, the local supersymmetry is given by
δθAI =χ
A
I , δθ˜
A
I = χ
A
I , (4.6a)
δXµ =
2∑
A=1
i(χIACγµΘAI ), (4.6b)
which guarantees the equivalence to the conventional Green-Schwarz formalism.
The canonical conjugate of Xµ is obtained as
kµ = −
√−gg0bΠµb +Wµ1 − Wˆµ1. (4.7)
By computing the canonical conjugates kIAα and k˜
IA
α of the fermionic fields θ
αA
I and θ˜
αA
I , we
obtain the primary constraints
DIAα =p
IA
α − iP µ(Cγµθ˜IA)α − i(P µ + ηA(Πµ1 +W µA
′
1 ))(CγµΘ
IA)α ≈ 0, (4.8a)
D˜IAα =p˜
IA
α + iP
µ(Cγµθ
IA)α + i(P
µ + ηA(Πµ1 +W
µA′
1 ))(CγµΘ
IA)α ≈ 0, (4.8b)
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where η1 = −η2 = 1 and A′ = 2(1) for A = 1(2). We also define the generators ∆IAα =
DIAα + D˜
IA
α .
Using the same ADM decomposition of the world-sheet metric as in the four-dimensional
case (3.9), we can obtain the Hamiltonian as
H = N√
γ
1
2
(
(Pµ −Wµ1 + Wˆµ1)(P µ −W µ1 + Wˆ µ1 ) +Πµ1Πµ1
)
+N1(Pµ −Wµ1 + Wˆµ1)Πµ1 +
∑
A
θ˙AI D
IA +
∑
A
˙˜
θAI D˜
IA,
=
N√
γ
T0 +N
1T1 +
∑
A
θ˙AI D
IA +
∑
A
˙˜θAI D˜
IA. (4.9)
Here, the energy-momentum tensors are given by
T+ =
1
2
(T0 + T1) =
1
4
ΠµΠµ, (4.10a)
T− =
1
2
(T0 − T1) = 1
4
ΠˆµΠˆµ, (4.10b)
with
Πµ =kµ −W µ1 + Wˆ µ1 +Πµ1 ,
=kµ +X ′µ −
∑
A
i(θIACγµθ˜AI )
′ − 2W µ1 , (4.11a)
Πˆµ =kµ −W µ1 + Wˆ µ1 −Πµ1 ,
=kµ −X ′µ +
∑
A
i(θIACγµθ˜AI )
′ + 2Wˆ µ1 . (4.11b)
Then we can set the canonical Poisson brackets as
{Xµ(σ), P ν(σ′)}P =ηµνδ(σ − σ′), (4.12a)
{θAαI (σ), pJBβ (σ′)}P =− δABδJI δαβ δ(σ − σ′), (4.12b)
{θ˜AαI (σ), p˜JBβ (σ′)}P =− δABδJI δαβ δ(σ − σ′). (4.12c)
Using these canonical Poisson brackets, we can calculate the constraint algebra of the
fermionic generators (∆Iα, D˜
I
α) as
{D˜Iα(σ), D˜Jβ (σ′)}P =− 2iǫIJ(Cγµ)αβΠµ(σ)δ(σ − σ′), (4.13)
with all others vanishing.
The total energy-momentum tensor is now given by
T = T+ + t+ =
1
4
ΠµΠµ +Θ
′α
I D˜
I
α, (4.14)
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which forms the Virasoro algebra:
{T+(σ), T+(σ′)}P = 2T+(σ)δ′(σ − σ′) + T ′(σ)δ(σ − σ′). (4.15)
We can decompose the constraint D˜Iα ≈ 0 into the second-class constraint D˜Ia ≈ 0 and
the first-class constraint KIa˙ ≈ 0 as
KIa˙ = D˜
I
a˙ +
(ǫΠ/ )a˙b
Π+
D˜Ib. (4.16)
These D˜Ia satisfy
{D˜Ia(σ), D˜Jb (σ′)}P = −2iǫIJǫabΠ+(σ)δ(σ − σ′), (4.17a)
{KIa˙(σ), KJb˙ (σ′)}P = −8iǫIJǫa˙b˙(T +K)(σ)δ′(σ − σ′) + D˜-terms, (4.17b)
where (ǫΠ/ )a˙b = (ǫγi)a˙bΠ
i, T = T
Π+
and K = KKc˙ Θ′c˙K
Π+
. The D˜-terms in (4.17b) can be set
equal to zero after taking the Dirac bracket.
By choosing the semi-light-cone gauge θ˜a˙I ≈ 0 for the first-class constraint, we finally
have three second-class constraints:
D˜Ia ≈ 0, KIa˙ ≈ 0, θ˜a˙i ≈ 0. (4.18)
The Dirac bracket for these second-class constraints is defined by
{A(σ), B(σ′)}D ={A(σ), B(σ′)}P
+
∫
dσ1{A(σ), D˜Ia(σ1)}P
ǫIJǫ
ab
2iΠ+
(σ1){D˜Jb (σ1), B(σ′)}P
+
∫
dσ1{A(σ), KIa˙(σ1)}P{θ˜a˙I (σ1), B(σ′)}P
+
∫
dσ1{A(σ), θ˜a˙I (σ1)}P{KIa˙(σ1), B(σ′)}P
− 8i
∫
dσ1{A(σ), θ˜a˙I (σ1)}P ǫIJǫa˙b˙T (σ1){θ˜b˙J(σ1), B(σ′)}P . (4.19)
In this semi-light cone gauge, the independent fields are (Xµ, Pµ, θ
α
I , p
I
α, θ˜
a
I ), which on the
constraint plane θ˜a˙I ≈ 0 satisfy, for example,
{θ˜aI (σ), θ˜bJ(σ′)}D = −
iǫIJǫ
ab
2Π+
(σ)δ(σ − σ′), (4.20a)
{X−(σ), θ˜aI (σ′)}D = −
1
Π+
θ˜aI (σ)δ(σ − σ′), (4.20b)
{X−(σ), P−(σ′)}D = 2i
Π+
θ˜aI θ
I
a(σ)δ
′(σ − σ′), (4.20c)
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{X−(σ), P i(σ′)}D = − i
Π+
θ˜aI (ǫγ¯
i)ab˙θ
Ib˙(σ)δ′(σ − σ′), (4.20d)
{θ˜aI (σ), P−(σ′)}D = −
1
Π+
ΘaI (σ)δ
′(σ − σ′), (4.20e)
{θ˜aI (σ), P i(σ′)}D =
1
2Π+
(γ¯i)ac˙θ
c˙
I(σ)δ(σ − σ′). (4.20f)
We can again redefine the fields so that the new ones become free. We first redefine the
non-covariant fermionic field as
SaI =
√
2Π+θ˜aI . (4.21)
Then SaI satisfies the free relations
{SaI (σ), SbJ(σ′)}D =− iǫIJǫabδ(σ − σ′), (4.22a)
{X−(σ), SaI (σ′)}D =0. (4.22b)
Similarly, we can obtain the free fields through the redefinitions
P µ =kµ − i(θ˜KCγµθK)′ + i(ˆ˜θKCγµθˆK)′, (4.23a)
pIAa =k
IA
a + η
A
(
−iX ′+θ˜IAa − 4θKAc˙ θ′c˙AK θ˜IAa + 2θIAc˙ (θc˙AK θ˜KAa )′ + 2(θIAc˙ θc˙AK )′θ˜KAa
)
, (4.23b)
pIAa˙ =k
IA
a˙ + η
A
(
i(ǫX/ ′)a˙cθ˜
IcA − 2θIAa˙ θKAc θ˜′cAK − 2θKAa˙ θIAc θ˜′cAK − 6θ′IAa˙ θKAc θ˜cAK
− 6θKAa˙ θ′IAc θ˜cAK − 2θIAa˙ θ˜KAc θ˜′cAK + 4θKAa˙ θ˜IAc θ˜′cAK − 2(θKA
′
a˙ θ˜
A′
Kc)
′θ˜IcA
)
. (4.23c)
These redefined fields satisfy
{Xµ(σ), P ν(σ′)}D =ηµνδ(σ − σ′), (4.24a)
{θAαI (σ), pBJβ (σ′)}D =− δABδJI δαβ δ(σ − σ′), (4.24b)
with the remaining brackets vanishing.
4.2. Quantization
The quantization is obtained by replacing the Dirac bracket with the (anti-)commutation
relations, which can be rewritten in the form of the operator product expansion in the
conventional radial quantization, after the appropriate field rescalings:
Xµ(z)Xν(w) ∼ηµν log(z − w), (4.25a)
pIα(z)θ
β
J (w) ∼
δIJδ
β
α
z − w, (4
.25b)
SaI (z)S
b
J (w) ∼−
ǫIJǫ
ab
z − w. (4
.25c)
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The constraint generators are classically given by
DIa =d
I
a +
√
2π+SIa , (4.26a)
DIa˙ =d
I
a˙ −
√
2
π+
(ǫπ/)a˙bS
Ib +
2
π+
SIcS
c
K∂θ
K
a˙ ,
=dIa˙ −
√
2
π+
(ǫπ/)a˙bS
Ib − 1
π+
(ǫγi)a˙bS
IbSKc(ǫγ¯i)cd˙∂θ
d˙
K , (4.26b)
T =− 1
2
πµπµ
π+
− 1
2
SKa ∂S
a
K
π+
−
√
2
π+
∂θKa S
a
K
−
√
2
π+
∂θKa˙(ǫπ/)a˙bS
b
K
π+
− 2∂θ
Ka˙∂θLa˙ S
b
KSLb
(π+)2
, (4.26c)
where the super-covariant currents dIα and π
µ are defined by (2.15). Including “quantum”
corrections, as we have done in D = 4, they become∗)
D̂Ia =D
I
a, (4.27a)
D̂Ia˙ =D
I
a˙ − 2
∂2θIa˙
π+
+
∂π+∂θIa˙
(π+)2
+
8
3
∂θIc˙∂θ
c˙
K∂θ
K
a˙
(π+)2
, (4.27b)
T̂ =T − 1
4
∂2 log π+
π+
− 2∂
2θKc˙ ∂θ
c˙
K
(π+)2
− 8
3
∂θKc˙ ∂θ
d˙
K∂θ
L
d˙
∂θc˙L
(π+)3
, (4.27c)
and satisfy
D̂Ia˙(z)D̂
J
b˙
(w) ∼− 4ǫ
IJǫa˙b˙T̂ (w)
z − w , (4
.28a)
rest ∼0. (4.28b)
The BRST charge is straitforwardly constructed from this constraint algebra as
Q˜ =
∮
dz
2πi
(
λ˜αI D̂
I
α + cT̂ − 2λ˜Ia˙λ˜a˙Ib
)
, (4.29)
with the unconstrained bosonic ghost λ˜αI and the fermionic ghost pair b and c with b(z)c(w) ∼
1/(z − w). This BRST charge (4.29) is exactly nilpotent.
We can define the composite B-field as
B = bπ+ − ω˜Iα∂θαI , (4.30)
∗) We should note that, in contrast to the D = 4 case, the extra terms in Eqs. (4.27b) and (4.27c) cannot
be regarded as coming solely from the normal ordering ambiguities; the origin of these terms is unclear. In
any case, however, the addition of these terms closes the algebra and leads to a consistent theory, as we show
below.
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where ω˜Iα is the conjugate bosonic anti-ghost satisfying
λ˜αI (z)ω˜
J
β (w) ∼
δJI δ
α
β
z − w. (4
.31)
Then, the energy-momentum tensor can be obtained as
{Q˜, B(z)} =T (z),
T =− 1
2
πµπµ − 1
4
∂2 log π+ − 1
2
SIa∂S
a
I − dIα∂θαI − ωIα∂λαI − b∂c. (4.32)
This energy-momentum tensor has vanishing central charge, and the similarity transforma-
tion defined by
R = −
∮
dz
2πi
bc log π+ (4.33)
yields the conventional one with the reparametrization ghosts
eRTe−R =− 1
2
πµπµ +
3
4
∂2 log π+ − 1
2
SIa∂S
a
I − dIα∂θαI − ωIα∂λαI − ∂bc− 2b∂c. (4.34)
4.3. Equivalence to the PS formalism in six dimensions
Before showing coincidence of the physical spectra of the DS and PS formalisms, we have
to explicitly solve the pure-spinor constraint in six dimensions. The pure-spinor constraint
in six dimensions can be written
λα1 (Cγ
µ)αβλ
β
2 = 0, (4.35)
where λα1,2 = λ
α
I=1,2. This equation can be satisfied if λ
α
2 is proportional to λ
α
1 .
∗) Because
the proportionality constant is arbitrary, the number of independent degrees of freedom of
a pure spinor λαI becomes 8 − 3 = 5. Equation (4.35) can be explicitly solved by using the
light-cone decomposition as follows. Let us first consider a component of (4.35),
λ1Cγ
+λ2 = λ1a˙λ
a˙
2 = 0. (4.36)
If we introduce the spinor dual to λa˙1 as λ1a˙l
a˙ = 1, the arbitrary spinor can be expanded in
λa˙1 and l
a˙ as
λa˙2 = αλ
a˙
1 + α˜l
a˙, (4.37)
where the expansion coefficients are
α = λ2a˙l
a˙, α˜ = −λ2a˙λa˙1. (4.38)
∗) As in the four-dimensional case, we consider λα1 and λ
α
2 to be two independent Weyl spinors, which
are actually complex conjugates, due to the SU(2)-Majorana constraint (A.21b).
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Because the constraint (4.36) leads to α˜ = 0, we have
λa˙2 = αλ
a˙
1 (4.39)
for the pure spinor. The next constraint,
λ1Cγ
iλ2 =λ
a˙
1(ǫγ˜
i)a˙bλ
b
2 − λb˙2(ǫγ˜i)b˙aλa1
=λa˙1(ǫγ˜
i)a˙b(λ
b
2 − αλb1) = 0, (4.40)
is satisfied by
λa2 = αλ
a
1, (4.41)
with which the final constraint, λ1Cγ
−λ2 = 0, is automatically satisfied. In summary, we
can satisfy the pure-spinor constraint with λα2 = αλ
α
1 , where α = λ2a˙l
a˙ with λ1a˙l
a˙ = 1.
Now we can show that the cohomology of the BRST charge Q˜ (4.29) of the DS formalism
coincides with that of the PS formalism (2.13). Using the first similarity transformation
generated by
X =
1
4
∮
dz
2πi
c(la˙D̂2a˙), (4.42)
the BRST charge becomes
eXQ˜e−X = δb +Q
(1), (4.43)
δb = −
∮
dz
2πi
4α˜b, (4.44)
Q(1) =
∮
dz
2πi
(λ˜aID̂
a
I + λ˜
a˙
1(D̂
1
a˙ + αD̂
2
a˙)), (4.45)
where α = λ˜2a˙l
a˙ and α˜ = −λ˜2a˙λ˜a˙1. Then α˜, β˜, c and b are decoupled as a quartet, where β˜ is
the conjugate of α˜ which can, in principle, be constructed from ω˜.
The second similarity transformations, generated by
Y =− 1
2
∮
dz
2πi
S1aS
2a log π+, (4.46a)
Z1 =
∮
dz
2πi
(
1√
2
(
S1a +
α
π+
S2a
)
d2a +
2
α
∂θ1a˙
π+
(∂θ1a˙ + α∂θ
2
a˙)
)
, (4.46b)
Z2 =
α
2
∮
dz
2πi
S2aS
2a
π+
, (4.46c)
give
eZ
2
eZ
1
eYQ(1)e−Y e−Z
1
e−Z
2
= δ +Q, (4.47)
δ =
∮
dz
2πi
√
2(λ˜a2 − αλ˜a1)S2a, (4.48)
Q =
∮
dz
2πi
(
λ˜a1(d
1
a + αd
2
a) + λ˜
a˙
1(d
1
a˙ + αd
2
a˙)
)
. (4.49)
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Then (λ˜a2 − αλ˜a1), (ω˜2a − αω˜1a), S1a and S2a are decoupled as a quartet. The final form of Q
(4.49) can be written as
Q =
∮
dz
2πi
λ˜αI d
I
α, (4.50)
with the constraint λ˜2α = αλ˜1α, which is the BRST charge of the PS formalism (2.13).
§5. Coupling to the Calabi-Yau sector
In the conventional formulations, a lower-dimensional superstring is not consistent by
itself but must be combined with additional degrees of freedom which come from the com-
pactified space. Here, since we assume the lower-dimensional supersymmetry, it is known
that such degrees of freedom are represented by some unitary representations of N = 2 su-
perconformal field theory, which we describe by using the generators (TC , G
±
C, JC) satisfying
TC(z)TC(w) ∼ c/2
(z − w)4 +
2TC(w)
(z − w)2 +
∂TC(w)
z − w , (5
.1a)
TC(z)G
±
C(w) ∼
3
2
G±C(w)
(z − w)2 +
∂G±C(w)
z − w , TC(z)JC(w) ∼
JC(w)
(z − w)2 +
∂JC(w)
z − w , (5
.1b)
G+C(z)G
−
C(w) ∼
c/3
(z − w)3 +
JC(w)
(z − w)2 +
TC(w) +
1
2
∂JC(w)
z − w , (5
.1c)
JC(z)G
±
C(w) ∼±
G±C(w)
z − w , JC(z)JC(w) ∼
c/3
(z − w)2 , (5
.1d)
where c = 9 for d = 4 and c = 6 for d = 6. We call this the Calabi-Yau (CY) sector.
In order to combine the lower-dimensional superstring with this CY sector, the hidden
topological N = 2 superconformal symmetry9)–11) generated by
G+ =JBRST = λ˜
αD̂α +
˜¯λα˙ ̂¯Dα˙ + cT̂ − 4λ˜2 ˜¯λ2˙b, (5.2a)
G− =B = bπ+ − ω˜α∂θα − ˜¯ωα˙∂θ¯α˙, (5.2b)
T =− 1
2
πµπµ − 1
8
∂2 log π+ − 1
2
S∂S¯ +
1
2
∂SS¯
− dα∂θα − d¯α˙∂θ¯α˙ − ω˜α∂λ˜α − ˜¯ωα˙∂ ˜¯λα˙ − b∂c, (5.2c)
J =bc− λ˜αω˜α − ˜¯λα˙ ˜¯ωα˙, (5.2d)
for d = 4, and
G+ =JBRST = λ˜
α
I D̂
I
α + cT̂ − 2λ˜Ia˙λ˜a˙Ib, (5.3a)
G− =B = bπ+ − ω˜Iα∂θαI , (5.3b)
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T =− 1
2
πµπµ − 1
4
∂2 log π+ − 1
2
SIa∂S
a
I − dIα∂θαI − ω˜Iα∂λ˜αI − b∂c, (5.3c)
J =bc− λ˜αI ω˜Iα, (5.3d)
for d = 6, play an important role. We can couple this topological superconformal algebra
(SCA) with the N = 2 SCA in the CY sector by twisting it so as to obtain the topological
SCA. This is consistent with the fact that the central charge of the lower-dimensional super-
string is already zero, as explained above. The energy-momentum tensor in the CY sector
must also have vanishing central charge. The BRST charge of the coupled system is then
given by
QB =
∮
dz
2πi
(
G+ +G+C
)
. (5.4)
After applying the same similarity transformations as in the case without the CY sector,
the cohomology is equivalent to that of the PS formalism coupled to the topological string
in the Calabi-Yau space with the BRST charge
Q = QPS +
∮
dz
2πi
G+C , (5.5)
where QPS is given by (2.4) or (2.13). The four-dimensional case is treated in 12).
Another way to couple the lower-dimensional superstring to the CY sector is by extending
our constraint generators to those forming the same algebra but including the generators of
N = 2 SCA in the CY sector. This is possible in the d = 4 case if we choose
D̂1 =D1,
̂¯D1˙ = D¯1˙, (5.6a)
D̂2 =D2 +
2√
π+
G+C + 2
∂θ¯2˙JC
π+
− 4∂
2θ¯2˙
π+
+ 2
∂π+∂θ¯2˙
(π+)2
, (5.6b)
̂¯D2˙ =D¯2˙ + 2√
π+
G−C − 2
∂θ2JC
π+
− 4∂
2θ2
π+
+ 2
∂π+∂θ2
(π+)2
, (5.6c)
T̂ =T + TC
π+
+ 4
∂θ2∂2θ¯2˙
(π+)2
− 4∂
2θ2∂θ¯2˙
(π+)2
− 1
2
∂2 log π+
π+
. (5.6d)
The energy-momentum tensor then becomes
{Q˜, B(z)} =T (z),
T =− 1
2
πµπµ − 1
2
∂2 log π+ − 1
2
S∂S¯ +
1
2
∂SS¯
− dα∂θα − d¯α˙∂θ¯α˙ − ωα∂λα − ω¯α˙∂λ¯α˙ + TC − b∂c. (5.7)
It should be noted that the coefficient of the log π+ term is modified such that the total central
charge vanishes. From this form of the energy-momentum tensor, the lower-dimensional
26
superstring seems to be coupled with the CY sector without twisting. However, if we modify
the similarity transformation as Y → Y + YC with
YC = −
∮
dz
2πi
JC log
(
2λ˜2√
π+
)
(5.8a)
or Y¯ → Y¯ + Y¯C with
Y¯C =
∮
dz
2πi
JC log
(
2˜¯λ2˙√
π+
)
, (5.8b)
the total BRST charge becomes
Qtot = Q+
∮
dz
2πi
G+, (5.9a)
with the BRST charge Q (3.58), for the branch λ¯α˙ = 0 and
Qtot = Q+
∮
dz
2πi
G−, (5.9b)
with the BRST charge Q (3.67), for the branch λα = 0. The energy-momentum tensor in
the CY sector is again twisted as TC +
1
2
∂JC (TC − 12∂JC) for the branch λ¯α˙ = 0 (λα = 0).
The cohomology of these BRST charges (5.9a) and (5.9b) are also essentially equivalent to
that of the topological charge (5.5).∗)
§6. Discussion
In this paper we have investigated the lower-dimensional, d = 4 and d = 6, superstrings
using the DS formalism and shown that they are equivalent to the lower-dimensional PS
superstrings. The unexpected off-shell nature of the physical spectrum can be interpreted
as a manifestation of noncriticality in the PS formalism.
Because the lower-dimensional PS superstring has no Lorentz anomaly, the symmetry is
also realized in the DS formalism, at least in the physical Hilbert space. However, a direct
study of Lorentz anomalies in the DS formalism is still worth carrying out, as we have taken
the semi-light cone gauge to quantize it. In fact, we have found that the physical Lorentz
generator M i−, which is non-trivial in the semi-light cone gauge,17), 18) does not commute
with the BRST charge in lower dimensions. This result will be reported in a forthcoming
paper.19)
∗) The constraint algebra of the six-dimensional case can also be extended if we impose the N = 4
superconformal symmetry on the CY sector. However, it seems there is no similarity transformation to
relate it to the PS formalism coupled with the CY sector.
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It seems peculiar that the off-shell vector multiplet is included in the physical spectrum,
since the DS superstring is classically equivalent with the GS superstring. However, this does
not result in a fatal contradiction, since the lower-dimensional GS superstring is not well-
defined, due to the global Lorentz anomaly. In addition, the massless spectrum of the GS
superstring in the light-cone gauge involves only half of the vector multiplet, which has only
positive or negative helicities; there is yet no principle that allows us to use two multiplets
with both positive and negative helicities simultaneously. In any case, it is still mysterious
why the off-shell states appear as physical states, since in the initial stage we have the
Virasoro constraint, which comes from the world-sheet reparametrization invariance. This
should be clarified in a future investigation.
It would be interesting to consider how to couple the lower-dimensional DS superstring
with the compactified space degrees of freedom. We have proposed two ways to combine
the two sectors, although they are not completely successful. It would also be interesting to
study the relation to the hybrid formalism,13) and this may provide some information about
how to make the lower-dimensional superstring consistent. It may also be possible for lower-
dimensional superstrings to provide a framework to construct some off-shell superstring
which is different from the strings in the conventional string theory.14)–16) It would be
interesting to explore such a possibility.
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Appendix A
Notation and Conventions
In this appendix we present our notation and conventions. We use the metric ηµν =
diag(+1,−1, · · · ,−1). The light-cone coordinate xµ = (x±, xi) (i = 1, · · · , d − 2) is defined
by x± = x0 ± xd−1. The gamma matrices satisfy
{Γ µ, Γ ν} = 2ηµν . (A.1)
We use the two-(four-)component spinor notation for d = 4 (d = 6), employing the following
explicit representations of the gamma matrices.
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A.1. d = 4
We use the two-component notation for the gamma matrices
Γµ =
(
0 (σµ)αβ˙
(σ¯µ)
α˙β 0
)
, Γ5 = iγ
0γ1γ2γ3 =
(
1 0
0 −1
)
, (A.2)
where α, β, α˙, β˙ = 1, 2 and
(σµ)αβ˙ = (1,σ), (σ¯µ)
α˙β = (1,−σ). (A.3)
Here, σ = (σ1, σ2, σ3) represents the Pauli matrices. These are related as (σ¯
µ)α˙α = ǫαβǫα˙β˙(σµ)ββ˙,
where the two-dimensional antisymmetric two-spinor is defined by ǫαβ = ǫαβ = ǫ
α˙β˙ = ǫα˙β˙ =
iσ2. The useful Fierz identities are given by
(σµ)αβ˙(σ¯µ)
γ˙δ =2δδαδ
γ˙
β˙
, (σµ)αβ˙(σµ)γδ˙ =2ǫαγǫβ˙δ˙. (A.4)
The indices of the two-component spinors are raised and lowered as
θα =ǫαβθβ , θα =θ
βǫβα, (A.5a)
θ¯α˙ =ǫα˙β˙ θ¯β˙ , θ¯α˙ =θ¯
β˙ǫβ˙α˙. (A
.5b)
In this notation, a Majorana spinor is represented by the pair of complex conjugate Weyl
spinors (θα)∗ = θ¯α˙.
A.2. d = 6
The four-component notation in six dimensions is that employing the representation of
8× 8 gamma matrices
Γµ =
(
0 γ¯µ
γµ 0
)
, Γ7 = Γ0Γ1Γ2Γ3Γ4Γ5 =
(
1 0
0 −1
)
, (A.6)
where
γµ = (γ0, γi, γ5), γ¯µ = (γ0,−γi,−γ5) (i = 1, · · · , 4) (A.7)
are 4× 4 matrices whose forms we choose as follows:
γ0 =1⊗ 1 =
(
1 0
0 1
)
, γ1 =σ2 ⊗ σ1 =
(
0 −iσ1
iσ1 0
)
,
γ2 =σ2 ⊗ σ2 =
(
0 −iσ2
iσ2 0
)
, γ3 =σ2 ⊗ σ3 =
(
0 −iσ3
iσ3 0
)
,
γ4 =σ1 ⊗ 12 =
(
0 1
1 0
)
, γ5 =σ3 ⊗ 12 =
(
1 0
0 −1
)
. (A.8)
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The charge conjugation matrix satisfying
Γ µT =− CΓ µC−1, (A.9)
CT =C (A.10)
is given in this representation by
C =Γ 2Γ 4Γ 5 = iσ2 ⊗ 12 ⊗ iσ2,
=
(
0 C
CT 0
)
, (A.11)
with
C =12 ⊗ iσ2,
=
(
iσ2 0
0 iσ2
)
= −CT . (A.12)
From (A.9), γµ and γ¯µ satisfy
(γµ)T = CγµC−1, (γ¯µ)T = Cγ¯µC−1. (A.13)
Using this charge conjugation matrix, it is natural to consider the combinations
CΓµ =
(
(Cγµ)αβ 0
0 −(Cγ¯µ)α˙β˙
)
, (A.14)
ΓµC−1 =
(
(γ¯µC
−1)αβ 0
0 −(γµC−1)α˙β˙
)
. (A.15)
All of these 4× 4 matrices are anti-symmetric, i.e.
(Cγµ)αβ =− (Cγµ)βα, (Cγ¯µ)α˙β˙ =− (Cγ¯µ)β˙α˙, (A.16a)
(γ¯µC−1)αβ =− (γ¯µC−1)βα, (γµC−1)α˙β˙ =− (γµC−1)β˙α˙, (A.16b)
and are related as
1
2
ǫαβγδ(Cγµ)γδ = −(γ¯µC−1)αβ , 1
2
ǫαβγδ(γ¯µC
−1)γδ = −(Cγµ)αβ . (A.17)
An important Fierz identity is given by
δ[αγ δ
β]
δ =
1
2
(δαγ δ
β
δ − δβγ δαδ ) = −
1
4
(Cγµ)γδ(γ¯µC
−1)αβ, (A.18)
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which can be rewritten using Eq. (A.17) as
(Cγµ)αβ(Cγ
µ)γδ = 2ǫαβγδ, (γ¯µC
−1)αβ(γ¯µC−1)γδ = 2ǫαβγδ, (A.19)
or equivalently
(Cγµ)α(β(Cγ
µ)γ)δ = 0, (γ¯µC
−1)α(β(γ¯µC−1)γ)δ = 0. (A.20)
The SU(2)-Majorana-Weyl (MW) spinor θ+I (I = 1, 2) satisfies the conditions
Γ7θ+I = θ+I , (A.21a)
θ¯I+ = ǫ
IJθT+JC, (A.21b)
where ǫIJ is the SU(2) anti-symmetric tensor defined by ǫ12 = ǫ12 = 1, which is used to raise
or lower the index I using the same rule as in the case of the four-dimensional spinor (A.5).
This SU(2) MW spinor can be written in the four-component notation as
θ+I =
(
θαI
0
)
, (θαI )
† = ǫIJ(θTJC)
α˙. (A.22)
We can further decompose it with the light-cone decomposition
θαI =
(
θaI
θa˙I
)
, (a, a˙ = 1, 2) (A.23)
where a and a˙ are the spinor indices of the transverse rotation SO(4) ∼ SU(2) × SU(2).
The SU(2) MW condition is now simply given by
(θaI )
∗ =ǫIJθbJǫba ≡ θIa, (A.24a)
(θa˙I )
∗ =ǫIJθb˙Jǫb˙a˙ ≡ θIa˙. (A.24b)
From the representation (A.8), the transverse components of the gamma matrices can
also be decomposed using the 2× 2 matrices γ˜i defined by
γ˜i = iσi (i = 1, 2, 3), γ˜4 = 12. (A.25)
It is also useful to define ˜¯γi as
˜¯γi = −iσi (i = 1, 2, 3), ˜¯γ4 = 12. (A.26)
These two 2× 2 matrices are related as
(ǫγ˜i)a˙b = −(ǫ˜¯γi)ba˙, (A.27)
where ǫ = iσ2.
The two quantities Π/ and Π¯/ constitute a representation of the quaternion and its
conjugate, and they satisfy the relation
Π/ Π¯/ = Π¯/ Π/ = Π iΠ i. (A.28)
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